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Abstract

We study the stress concentration due to a pore in an elastic half-plane, subject to moving contact loading, in the
entire range of possible geometrical parameters (contact area/hole diameter, hole depth/hole diameter). Since the num-
ber of cases is very large to study with FEM even with modern machines, the use of a recent simple approximate for-
mula due to Greenwood based on the stress field in the absence of the hole is first attempted, and compared with a full
FEM analysis in sample cases. To further distillate the effects of the hole distance from the free surface and of the con-
tact area size, the limiting cases are studied of: (i) concentrated load perpendicular to the surface and aligned with the
hole centre; (ii) constant unit pressure on the top surface of the half-plane and (iii) hydrostatic load. A full investigation
is then conduced for the case of Hertzian load on the surface, and it is seen that the tensile stress concentration is sig-
nificantly reduced with respect to that of the concentrated load, when the contact area size is of the same order of the
hole radius. Results obtained with the approximate Greenwood formula are generally accurate however only if the hole
distance from the surface is greater than two times the hole radius.
� 2005 Published by Elsevier Ltd.
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1. Introduction

A recent method due to Greenwood (1989) suggests a simple estimate of stress concentration due to a
hole, using only the stresses in the full plane in the absence of the hole. This is of particular interest in
the case where the stress field induced in the absence of the hole is varying in time and is particularly com-
plex, like in the case of moving contact loads, producing rolling contact fatigue (RCF). RCF is a subject of
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much interest, and fatigue from stress raisers such as pores or inclusions is one of the most important causes
of failure. In simpler loading conditions, the effect of pores and other defects on material resistance is rel-
atively well known, as various empirical models exists. For example, to name one of the most well known,
that developed by Murakami and Endo (1994) shows that the reduction on fatigue resistance in terms of a
fatigue limit rw, is as a function of the defect size d with a power law similar to the classical fracture
mechanics one, although weaker, rw � d�1/6. However, most models refer to mainly uniaxial tension/com-
pression loading. The case of rolling contact fatigue, vice versa, is one case with additional difficulties be-
cause of the complex stress field induced (Ekberg and Marais, 2000; Ekberg and Sotkovszki, 2001). The
types of material defects occurring in railway wheels or in railway lines subject to contact loads may be var-
ious depending on the manufacturing process, for example non-metallic inclusions, such as manganese sul-
phide, and silicon oxide, metallic inclusions, such as aluminium oxides. As a limit and simple case, we shall
only consider the case of pores. One recent attempt to study the effect of pores in the context of rolling con-
tact fatigue of rail wheels with a complex elasto-plastic FEM analysis is for example (Kabo and Ekberg,
2002). In this paper, we shall limit our analysis to the elastic concentration, supposing this is the first step
in the understanding of the complex fatigue phenomena occurring near the defects. Experimental investi-
gations of stress concentrations were conducted for epoxy resin models containing a hole defect under the
conditions of Hertzian contact by Yamamoto et al. (1981).

Turning back on Greenwood�s (1989) method, it determines the stress distribution around the circum-
ference of a circular hole in an infinite plate loaded with a generic set of loads, by relating these stresses
with those around the circle in a plate without a hole
rh ¼ 2 ri
h � ri

r þ ri
0

� �
ð1Þ
where ri
h and ri

r are respectively the circumferential and radial stress in the plate without hole and ri
0 is the

mean stress around the circle (which coincides with the average stress �ri
r or �ri

h).
In this paper, we specialize Greenwood�s method to the case of Hertzian pressure distribution, as a useful

tool to distillate the various effects inducing the stress concentration. A full FEM analysis, at least in the
elastic regime, is available today to most users, but accurate results still require a significant computational
effort, particularly if the load is moving on the surface and the full stress history is required. Vice versa,
Greenwood�s method only requires some simple manipulation of the contact stress field without the hole,
which in most cases is available in closed form.

Further, to study the effect of the ratio of contact area size to hole size, and its distance from the surface,
the limit cases of: (i) a concentrated load perpendicular to the surface and aligned with the hole centre; (ii)
constant unit pressure on the top surface of the half-plane and (iii) hydrostatic load are considered. The
results are then compared by using a full FEM analysis. Finally, with these limits in mind, the conclusions
are clearly drawn in the case of Hertzian load on the surface.

For pores very close to the surface, the contact pressures do not follow the classical Hertzian distribu-
tion. However, this will induce a further dependence on material constants and is neglected in this paper
and left for future investigations.
2. Formulation of Greenwood�s method

We consider an elastic half-plane with a hole, subject to contact loading, and a polar coordinate system
centred on the hole, as shown in Fig. 1. Firstly, if we consider the stress distribution in the half-plane with
no hole, the initial stresses ri

h, ri
r and si

rh on the circle r = rcc will be non-zero. When the hole is considered,
the stresses rf

r and sf
rh on the free surface of the hole are zero. Therefore, we need to find the stresses dis-

tribution (rc
h, rc

r and sc
rh) in the zone r > rcc due to given tractions on the boundary r = rcc, which subtracted

to the initial stresses, give rf
r ¼ ri

r � rc
r ¼ 0, sf

rh ¼ si
rh � sc

rh ¼ 0 and non-zero values of rh. Expanding the
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Fig. 1. System geometry and operating variables.
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stresses in Fourier series around the circle r = rcc, Greenwood (1989) found some relationships between the
stress coefficient for the stresses inside the circle (r 6 rcc) and those for the stresses outside the circle (r > rcc)
due to tractions around the circle, and derived Eq. (1).

In this paper, we firstly evaluate the stress field due to a contact load in the half-plane without hole by
using the Flamant solution for concentrated force and the standard Hertz solution for distributed elliptical
normal tractions (see Johnson, 1985).

We introduce ‘‘virtually‘‘ hole in the half-plane (with centre coordinates Xcc and Ycc and radius rcc) and
evaluate the stresses on each point of the hole circumference (ri

xx, ri
yy and ri

xy), considering ‘‘physically’’ the
half-plane without hole. Therefore, by standard Mohr-circle transformations, the radial stress ri

r can be
written as:
ri
r ¼

ri
xx þ ri

yy

2
þ

ri
xx � ri

yy

2
cosð2hÞ þ ri

xy sinð2hÞ ð2Þ
The hoop stress ri
h can be obtained by substituting h with h + p/2 in (1). Then, the hoop stress rh around

the hole can be evaluated by Eq. (1).
3. Special cases

3.1. Concentrated normal load (Flamant case)

A concentrated normal load P on an elastic half-plane (see Fig. 1) produces a pure radial stress field pro-
portional to 1/r (see Johnson, 1985),
rrr ¼ �
2P sin b

pr
ð3Þ
and the maximum value of rrr is obtained for b = p/2 and Xcc=0 (minimum r). On the circumference of the
hole, the stresses rrr can be decomposed in the stresses ri

h and ri
r of Eq. (1). Since the average stress ri

0 is
invariant, the highest traction stress rh around the circumference of the hole is obtained for h = 270�, where
ri

h ¼ 0 (notice that for h = 270�, ri
r < 0, i.e. ri

r is a compressive stress). For each position of load and pore
depth (we fix rcc = 1), the hoop stress rh can be evaluated by Eq. (1). When the line load moves on the sur-
face, every material point experiences a stress cycle. In Fig. 2 the dimensionless maximum (rh,maxYcc/P) and
minimum (rh,minYcc/P) stress on the hole circumference are plotted. In other words, each point in the



Fig. 2. (a) Maximum dimensionless hoop stress (traction) rh,maxYcc/P on the circumference hole. (b) Minimum dimensionless hoop
stress (compression) rh,minYcc/P on the circumference hole.
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diagram represents one particular case of position of the load and depth of the hole. Notice that the y-axis
increases upward (so that when rcc/Ycc = 1 we have the limit case of a hole just touching the surface,
whereas lower values indicate deeper holes, hence following more naturally the fact that lower values cor-
respond to ‘‘deeper’’ holes). For each given point, the contour plot gives the maximum or the minimum
value of the stress reached somewhere around the circumference of the hole, for this case. Clearly, if one
considers a fixed value on the vertical axes rcc/Ycc, one can follow an entire cycle, since the maximum value
of the stress anywhere in the circumference of the hole is given at that level.

With these considerations in mind, the above figures confirm that the maximum and minimum values of
rh,maxYcc/P and rh,minYcc/P, respectively, are reached for the centred load (Xcc = 0) and by increasing the
hole depth the hoop stress cycle becomes more uniform and the rhYcc/P distribution around the hole be-
comes more uniform in agreement with previous results (Yamamoto et al., 1981). For this reason, the fol-
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lowing results in this paragraph are concerned with the load perpendicular to the surface and aligned with
the hole centre.

Fig. 3a shows the comparison between the theoretical Greenwood results and the numerical ones (ob-
tained with a FEM analysis refined up to 30000 elements) in terms of the dimensionless maximum tensile
hoop stress rh,maxYcc/P of the hole vs rcc/Ycc. FEM and Greenwood results are in agreement (error lower
than 30%) for rcc/Ycc < 0.5 (i.e. for a depth of the hole at least 2 times larger than radius), whereas for rcc/
Ycc > 0.5 the difference between FEM and Greenwood results quickly increases (for rcc/Ycc � 0.7 the FEM
maximum tensile hoop stress is twice larger than that predicted by the Greenwood method).
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Fig. 3. (a) Comparison between FEM and Greenwood results: dimensionless tensile hoop stress rh,maxYcc/P. (b) Comparison between
FEM and Greenwood results: dimensionless compressive hoop stress rh,minYcc/P.



3900 L. Afferrante et al. / International Journal of Solids and Structures 43 (2006) 3895–3904
Both analyses (FEM and theoretical) confirm that the maximum tensile hoop stress on the pore is
reached for an angle h = 270� (see Fig. 1), i.e. on the ‘‘north pole’’ of the hole. Better agreement between
numerical and Greenwood data is found on the maximum compressive hoop stress on the pore (similar
results are obtained even up to rcc/Ycc = 0.7), as shown in Fig. 3b, where the dimensionless parameter
rh,minYcc/P is plotted against rcc/Ycc. However, FEM and Greenwood analysis give different angular
positions of the maximum compressive hoop stress. In fact, for Greenwood analysis the maximum com-
pressive stress is always reached at h = p (see Fig. 1), whereas for FEM analysis such position changes with
the hole depth, moving from the equatorial position towards the ‘‘north pole’’, as the hole moves to the top
surface.

3.2. Uniform uniaxial load and hydrostatic load

If we consider the limit case of a contact area very large with respect to the hole radius, neglecting the
transversal direction effects, we can imagine that the hole becomes immersed in an otherwise uniaxial load.
As shown by Greenwood (1989), if we introduce a hole in a plate in uniaxial compression and take h = 270�
(the angular reference is as in Fig. 1) to be the compression direction, Eq. (1) gives the following well-known
hoop stresses (see Timoshenko and Goodier, 1951):
Fig.
rf
h ¼ �T 0 1� 2 cos 2 hþ p=2ð Þ½ �½ � ð4Þ
with the typical result: rh = +T0 if h = p/2,3p/2 and rh = �3T0 if h = 0,p.
However, we expect that the stress parallel to the surface will be compressive and it will be equal to the

pressure next to the centre of the contact. Therefore, a better approximation of the limit case with very
small hole close to the surface can be obtained by considering the half-plane loaded by hydrostatic state
of stress.

If we apply Greenwood Eq. (1) to the hydrostatic load, the maximum compressive stress (achieved on
the ‘‘north pole’’ of the hole) can be obtained (rh/T0 = �2) by superposing the results of the case of plate
loaded by uniaxial compression in both directions (rh/T0 = �3 and rh/T0 = +1).
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Fig. 4 shows that the agreement between Greenwood and FEM results is good up to rcc/Ycc = 0.5 (error
lower than 25%). However, these stresses are negative (compressive) and hence the effect of the pore would
be negligible or even beneficial for the fatigue strength of the material! Therefore, we are not really inter-
ested in accuracy in this limit case.
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Fig. 5. System geometry and operating variables for a hole in a plate subject to a Hertzian load.
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3.3. Hertzian load

The case of a concentrated normal load P on an elastic half-plane can be finally considered as the limit
case of the most general Hertzian problem when the loaded area is very small with respect to the hole ra-
dius, and for this case, we have seen that the agreement between Greenwood and FEM results is good up to
rcc/Ycc = 0.5 (error lower than 30%). Turning to the opposite limit case, i.e. when the Hertzian loaded area
is very large with respect to the hole radius, this can be assimilated to the case of a plate loaded by a hydro-
static load. However, Hertzian stresses really approach this hydrostatic limit case only if the hole is next to
surface, and in this case we are not really interested in the order of the error since the stresses would be
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Fig. 7. (a) Load position on the surface for which the maximum hoop stress on the hole is obtained (FEM results); (b) angular
positions on the hole for which the maximum hoop stress is obtained (FEM results).
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compressive. Hence, we need a complete investigation to decide for which depth the agreement between
Greenwood and FEM results is good, in terms of rcc/Ycc and rcc/a.

Hence, in this section we analyse the intermediate situations of Hertzian load sketched in Fig. 5. In Fig. 6
the dependence of the dimensionless tensile hoop stresses, r̂h ¼ rh;maxY cc

pp0a=2
, on the dimensionless parameter rcc/

Ycc spanning the entire possible range from 0 to 1, for different values of rcc/a is shown. The maximum ten-
sile stress rh,max is obtained for distributed elliptical normal load moving on the surface. In other words, for
each position j of the load the maximum hoop stress rj

h;max is evaluated, then rh, max is the maximum of the
stresses rj

h;max. Notice that for high values of rcc/a (rcc/a > 20) the Flamant solution is approached.
A good agreement with numerical results is found generally when the ratio rcc/Ycc is less than 0.5. Notice

that in terms of stress concentration, the highest values are for larger ratios rcc/a.
The most important conclusion is that, with respect to the Flamant results, the Hertz case seems to in-

duce much smaller stress concentration for the same depth, although this effect is overestimated with the
Greenwood method. In fact, for very small rcc/a (rcc/a = 0.1), the stress concentration decreases with
increasing rcc/Ycc, instead of increasing as it does in Flamant. At higher rcc/a (rcc/a around 0.5) the stress
concentration shows a maximum which moves to higher rcc/Ycc when the ratios rcc/a grows. FEM results
show that some of this decrease at high rcc/a and rcc/Ycc is not real, but clearly for not too high rcc/Ycc and
not too high rcc/a interesting reductions of stress concentrations are obtained.

In Fig. 7a the load position on the surface for which the maximum hoop stress on the hole is obtained is
plotted versus the parameter rcc/Ycc for different ratios rcc/a. Symmetric load positions with respect to the
hole centre yield identical results and when rcc/a increases, the maximum hoop stress is obtained for centred
load as in the Flamant case. However, for small rcc/a, the maximum stress is not reached in a symmetrical
configuration, and this requires additional computational effort.

Fig. 7b shows the angular positions on the hole for which the maximum hoop stress is obtained. When
the contact area reduces with respect to the hole radius, the maximum concentration moves to the ‘‘north
pole’’ of the pore (h = 270�).

Turning back to the evaluation of the error, in Fig. 8 the minimum ratio rcc/Ycc to have an error lower
than 30% is plotted as a function of rcc/a. This permits to rapidly verify that for rcc/a > 1, the error between
FEM and Greenwood are not too large for rcc/Ycc < 0.5, i.e. a hole depth greater than two times the hole
radius.
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4. Conclusions

The stress concentration due to a hole beneath a Hertzian pressure distribution on a half-plane is studied
both by means of both an approximate formula suggested by Greenwood, and a much more computation-
ally demanding full FEM analysis. Greenwood�s formula assumes the effect of the hole to be dominant with
respect to the effect of the free surface. The magnitude and the location of stress concentration vary with the
distance between the load and the hole. For a general Hertzian problem, a good agreement (error lower
than 30%) with numerical results is found when rcc/Ycc < 0.5 i.e. a hole depth greater than twice the hole
radius. When the hole radius becomes very small with respect to the contact area (rcc/a < 1), the limit of
accuracy may require deeper holes.

In terms of stress concentration, the most important conclusion is that, with respect to the Flamant re-
sults, the Hertz case seems to induce much smaller stress concentration for the same depth. The Greenwood
formula tends to overestimate this reduction. A full FEM analysis shows that only for very small rcc/a (of
the order of 0.1) the stress concentration decreases with increasing rcc/Ycc, instead of increasing as it does in
Flamant. At higher rcc/a (rcc/a around 0.5) the stress concentration shows a maximum which moves to
higher rcc/Ycc when the ratios rcc/a grows.
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